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We consider a generalization of classical Bernstein operators obtained by
replacing the binomial coefficients with general ones satisfying a suitable recursive
relation. We study the uniform convergence of these operators together with some
quantitative estimates and regularity properties. Finally, in some particular cases,
we investigate the behavior of the iterates.  © 1996 Academic Press, Inc.

1. INTRODUCTION AND PRELIMINARY RESULTS

This paper takes its motivation from the recent development of the study
of connections between approximation processes and evolution problems,
through semigroup theory. In this frame, we refer to the papers of
Altomare [1, 2, 4], Felbecker [10, 11] and Campiti [7, 8], where these
connections have been successively deepened and the class of evolution
equations whose solutions can be approximated by constructive approxi-
mation processes has been consistently enlarged. In some cases, the intro-
duction of new types of operators became necessary (see, e.g., [3], [4] and
[6]). For a unified treatment of this subject see [5].

Our operators are defined in a quite elementary way, but, at the same
time, they apply to approximate the solutions of a wide class of evolution
problems. In this paper we restrict ourselves to examine the main proper-
ties of the approximation process; connections with semigroup theory will
be explored in [9].
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Inspired by the definition of the classical Bernstein polynomials, we
replace the binomial coefficients by general ones satisfying similar recursive
properties. Actually, we replace the sequences of constant value 1 at the
sides of Pascal’s triangle with arbitrary ones and define the coefficients of
our operators with the same rule of binomial coefficients.

The sequences of linear operators obtained in this way need not to
converge in general to the identity operator; indeed, we shall prove the
convergence to a multiplication operator by an analytic function depending
on the sequences at the sides of Pascal’s triangle.

We obtain a decomposition of the classical Bernstein polynomials as sum
of elementary operators; our operators will be linear combinations of these
last ones.

Qualitative properties and regularity results are stated. Among these, we
point out a Voronovskaja-type formula where the second order derivative
is perturbed by a first order term depending again on the fixed sequences.
This yields the link with semigroup theory and evolution problems
(explored in [9]).

We begin to fix some notation. We shall consider polynomial type
operators having the form

n k
A ()= 3 oc,,,kxk(l—xv’ff(n), Fe@([0, 17), xe[0, 11 (L)

We shall assume that the coefficients satisfy the following recursive
formulas

a‘n+l,k:a’n,k+a’nﬂk—17 k:l’ vy N (12)
O(n,():/lnﬂ an,n:pna (13)

where (4,),.n and (p,),.n are fixed sequences of real numbers.
Obviously, if 4,,=p, =1 for every m=1, .., n, we have a, , =(}) for

every k=0, .., n. Hence, in this case the operator A, coincides with the

classical nth Bernstein operator B,: €([0,1]— %([0, 1]) defined by

n

BN= X (3)x-ar s (5) fewronn 4)
k=0

It is easy to recognize that condition 4, (1) =1 is satisfied for every n > 1
only by Bernstein operators; nevertheless, if we require 4,(1)=1 only for
a fixed integer n>1 we have more possibilities.

We observe that the coefficients and consequently the operators 4, are
determined uniquely by the two sequences A=(4,),.n and p=(p,),cn- If
necessary, we shall write 4, ; , to indicate the operator 4, corresponding
to the sequences 4 and p.
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Remarks. 1. 1t is easy to see, using (1.1)~(1.3), that 4, , , depends
linearly on the sequences A=(4,),.n and p=(p,),cn -

2. We also observe that if the sequences &= (&,),cns 7= ",)ens
0=(0,),.n and t1=(1,), . satisfy the following conditions

5n<’7na O-nSTn
for every n > 1, then we have
An§0<A11 n, T (1'5)

for every neN (ie, 4, : ,(f) <A, , .(f) for every positive fe4([0,1])).
In particular, if M is an upper bound for the sequences A=(4,), ., and
P=(Pu)uen) 1€, 4, <M and p,< M, then 4, ; ,<M-B, (see (1.4)).

By the preceding remarks, it will be useful to consider the mth left (right,
respectively) elementary operators which are associated to the sequences
A=(0"),cn and p=0 (A=0 and p=(37),.n, respectively). We shall
denote by L,, , (R, ., respectively) these operators and by /,, , « (7, x>
respectively) their coefficients satisfying (1.2) and (1.3). By using the
recursive relations (1.2), it is easy to check the following formulas for the
coefficients /,, ,, . and r,, ,

0, if n<myn=m k=1l,n>m, k=0;

n>m k=n—m+1;

o= 1, if n=m, k=0; (1.6)
n—m-—1 .
<k<n—m:
< k1 >, if n>m, 1<k<n—m;
and
0, if n<myn=m, k<n—1; n>m,

k<m-—1;n>m, k=n;
mom k=19 1, if n=m, k=n; (1.7)
—m—1
<n " >, if n>m m<k<n—1;
k—m
forevery m>1,n>1 and k=0, .., n. As a consequence, we obtain

n—m _ _1 k
Ly (f0)= ¥ <” k’fl Jata—xrtr(5) it men
L, ,(f)(x)=(1-x)"f(0) (1.8)
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and

Ry (0= Y <HM1>xk(l—X)”kf<];>, it m<n,

i\ k—m
R, ,()(x)=x"f(1)
for every fe%([0,1]).
By recalling that
. . .72 n_l .12 1 .
B,(1)=1, B, (id) =id, B,(id*)=——1id"+—id
n n

(where id(x) = x for every xe [0, 1]), we easily obtain

x(1—x)", if n>m
L 1 =
SV ETE I
(1 —x)x™, if n>m,
Rmn(l)(x):{ " e
x", if n=m,
x(l—x)’"(l—i-mx), if n>m,
L, ,(id)(x)= n n
0, if n=m,
—m—1
(1—x)xm<m~|—nmx>, if n>m,
R, ,(id)(x) = n n
x" if n=m,
L, (id?)(x)
1 —m—1 —-m—-1Dn—-—m-2
x(l—x)’“<2+3n W; X (n—m )(2n m )x2>,
n n n
- if n>m,
0, if n=m,

(1.10)

(L11)

(1.12)

(1.13)
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Finally, we point out the following decomposition

Pon R > (1.14)

1

AN
X
[l
~
:h
+
1M1=

m=1 ”,

which is a consequence of Remark 1. In particular, B, =" _, L,, .+
Zﬁﬂzl Rm,n'

2. GENERAL CONVERGES PROPERTIES

In this section we fix two arbitrary sequences A=(4,),., and
p=(p,),cn of real numbers and investigate the convergence of the
sequence (A4,,), -

Since for every fe%([0,1]) we have

A4,()0)=2,70),  A,(/)1)=p, f(1), (2.1)
the convergence of (4,),., implies that of the sequences (4,),., and
(pn)neN‘

So, we assume that (4,),.n and (p,), .y converge and put
Ao i= lim A, P = lim p,. (2.2)

Now, representation (1.14) and formulas (1.11) yield

n—1
A,(D(x)= Y (ApX(1=x)"+p,, x"(1 = X)) + 4, (1 =x)"+ p,x";  (2.3)

m=1

this suggests that we consider the power series

Y A.(1—x)"  and Y p X"
m=1 m=1
which have radii of convergence greater than or equal to 1 because of the
boundedness of (4,),.~ and (p,,), .n - As a consequence, we can define the
functions

Ao if x=0,
{(x):=¢ =
(x) > A x(1—x)", if 0<x<l,

m=1

Y paxm(l—x), if 0<x<l, (2.4)
7(x) =\ m=1
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which turn out to be continuous on [0,1] by the convergence of (4,)
and (pn)neN .

Observe that |/(x)|<(1—x)-sup,,5, |4,| and [«x)[<x-sup,, o, |p,.l.
Moreover, putting a,,=4,,—4,,_, and b,,=p,,—p,,_, for every m=>1
with the convention 4,=p,=0, we have

neN

)Vm: Z Ay, Pm= Z bk

k=1 k

and /(x)=>2%_, a,,(1—=x)", o«(x)=>2_, b,,x".

m=1

The function
wi=/{+2 (2.9)

plays a central role in the study of the sequence (A4,),.; in order to

estimate its degree of convergence, we observe that the limit operator
depends also on the asymptotic behavior of the sequences (4,),., and
(Pp)nen - As a consequence, our estimate will involve the modulus of
continuity

o(f, ) :=sup{|f(x)—f(»)| | x, ye[0,1], x—y| <0}, (2:6)
and also a “remainder term”

V(n) = Sup max{|)”m_/1n|9 |pm_pn|}' (27)

m=n

We define, for simplicity

s(n) i=max {|2,. 1p,l}.

ms<n

THEOREM 2.1. For every fe%([0,1]) and xe[0, 1]

1
A4, ()() = £(x) A4, (1)) < (14 x(1—x)) s(n) @ <ﬁ ) (29)

and therefore

n

14, (%) — w(x) - F0] < (14 x(1— ) s(n) <f; })

+ (I =x)"+x")r(n) | f(x)].  (2.10)
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In particular, the following uniform estimate holds
5 1
A= f1 s o (£ =)+ A1 @1
N

Proof. First, we observe that, for every f€%([0,1]) and x€[0, 1], by
(2.8) and Remark 2 in Section 1, we have

n

14, (< Y o, ol x5(1—x)"~F

k=0

7(5)] <5t Bl

For every 0>0, by using the well-known inequality |f(y)— f(x)| <
(1+(1/6%)(x—y)?) w(f, 5), we obtain

|4, (f)(x) = f(x) 4,(1)(x)]

Z nl|x l_x)"*k

o(f,9) Z <Z> x"(l—x)”"<l+5l2<x—];>>

1 1—
=<1+52 AL ’“’) s(n) o( . ).

Therefore, by taking J =1 /ﬁ, (2.9) immediately follows.
On the other hand, by (2.3) and (2.4), for every xe ]0, 1[,

14, (1)(x) —w(x)|

(=X 4 ppx— Y (1 —x)"— 3 pox(1—x)

1 =2 S =) XA =)+ X" Y (P oy ) X"(1 =)
m=0 m=0

<((1=x)"+x") r(n) (1)

and the same inequality obviously holds if x=0 or x=1.
Hence, we have obtained

|4, (f)(x) —w(x) f(x)]
<14, ()(x) = f(x) A,(D)(x)] + | f(x) 4,(1)(x) —w(x) f(x)]

1
<+ x(1—-x)) s(n) @ <ﬁ ﬁ>+((1 X)) () S0

and this completes the proof. |
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By the preliminary remarks and Theorem 2.1, we can completely
describe the convergence of (A4,,), .-

THEOREM 2.2. The sequence (A,), . converges strongly on 4([0,1]) if
and only if the sequences (1,),.~ and (p,), .~ converge.
In this case, if w denotes the function defined by (2.5), we have

lim A4,(f)=w-f uniformly on [0, 1] (2.12)

n— oo

for every fe%([0,1]).

Now we consider some concrete examples.

ExampLES. 1. In the case of Bernstein operators, we have r(n) =0 and
s(n) =1 for every n > 1 and therefore (2.9) reduces to the well-known result
of Lorentz [12, p.20]:

1B,,(/)(x) = f() < (1 +x(1 —x)) w(fn™ 7). (2.13)

2. We can decompose the classical n-th Bernstein operator into the
sum of its left and right part. Namely, for every n > 1, we define the nth left
Bernstein operator B! corresponding to the sequences 4, =1 and p, =0 for
every k> 1 and similarly, the nth right Bernstein operator B!, by consider-
ing the sequences A, =0 and p, =1 for every k> 1.

It is easy to show that

Bo=3 (") (%) (.14)

and
Bw= (f0) )t (G) )

In this case /(x) =1—x and 2(x) =0 for the left Bernstein operators and
/(x) =0 and #(x)=x for the right Bernstein operators.
Hence, by Theorem 2.2, we get, for every fe%([0,1])

lim B’ (f)(x)=(1—x) f(x) uniformly in xe [0, 1] (2.16)

n— oo
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and

lim B (f)(x)=xf(x) uniformly in xe€[0, 1]. (2.17)

n— oo

Finally, Theorem 2.1 yields the following quantitative estimates:

Sl L
B <G o (s —z) (.18)

and

s ]
i)~ <o (4 ) (2.19)

3. For every n>=1 and m>1, we can also define the m-truncation
B, ., of the nth Bernstein operator as follows

Bpni=Y L,,+R,,. (2.20)

By (1.8) and (1.9) it follows B,, ,= B, if m>n while, if m <n,

B N0= 5 (T ("] ) (5)

j=1 \k=1
n—1 n_]_1> . k
+ ) x»(l _x)nkf<>>'
ij( k_] n
Since
{(x)=(1—=x)—(1=x)""", Wx)=x—x"+1,
we have

lim B, ,(f)(x)

n— oo

=(1—(1—=x)"T'—=x"*"1 f(x) uniformly in xe[0,1] (2.21)
and

ﬁ) (2.22)

1B (1) = (1 (1 —idy™* —id ) £ <5 0 <ﬁ
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4. A situation of particular interest can be obtained by considering
linear combinations of Bernstein operators and a finite number of elemen-
tary operators. This is equivalent to assume that the sequences (4,,), . and
(pn)nen are definitively constant. If 4, =41 and p, =p for every n=p, we
have (see (2.4) and (2.9))

w(x)=A1—x)+px+ pi (A=A X(1=x)"+(p,,—p)1—x)x") (2.23)

m=1

and hence w is a polynomial of degree at most p. Obviously, for the
associated sequence (A4,),. defined by (1.1), for every n>=p we have
r(n) =0 and consequently by (2.11)

5 1
A =< ma Bl Ioal) (£ =) 229

ms<p

Conversely, observe that every polynomial of degree at most p can be
written as in (2.23) from which we can obtain the corresponding
definitively constant sequences (4,), . and (p,),cx -

As regards to the sequences of elementary operators (L,, ,),.n and
(R, w),cn defined by (1.8) and (1.9), we explicitly observe that

lim L, . (f)(x)=x(1—x)"f(x) uniformly in xe[0, 1] (2.25)

n— oo
and

lim R, ,(f)(x)=x"(1-x) f(x) uniformly in xe[0, 1] (2.26)

n— oo

for every fe%([0, 1]). Moreover, we can state the following more precise
quantitative estimates.

ProrosiTiON 2.3, For every m=1,..,n—2 and fe€([0,1]), we have

9 1 1 1

2L (), i me<Sn—3A—2,

8 m+1 < ﬂ/n—m—l> 2

L, u(f) =@ [l < o :
m

F S — i m>=./n—3/4—_,

8m+1w<f’n—m—1>’ if m n—3 2

(2.27)
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where @(x):=x(1—x)" and

9 1 1
8m+1w<f’ —m— 1) ymsyn=3-y,

”Rm,n(f)_l//f” <
L < ” > i m>n— 34—
smil1\lun—m_1) F 2
(2.28)

where Y(x) :=x"(1 —x).
Proof. By (1.8) and (2.13), we obtain, for every fe ([0, 1]),

|L, o (f)(x) = (1 —x)™ f(x)|

n—

<x(l—x)" <|B,,m1<f)(x> )l
+

5, (0o i (57) - =)

<x(1—x)” <(1+x(l—x)) w<f, ﬁ)—i—w(ﬁ n”;1>>

At this point, we observe that 1/./n—m—1<m/(n—m—1) exactly
when m > /n—3/4 — 1. Hence, by the above inequalities,

I ™

|L, n (S)(x) = 2(1 = x)™ f(x)]
1

Jn—m—1

x(1—x)" (2 + x(1 —x)) w<f, n—Z—l) it m>/n—3/4—1,

X(l—X)’”(2+X(1—x))w<f, ) it m</n—3/4—1,

N

and this yields (2.27) since x(1 —x)”"<1/(2(m+1)) when xe€[0, 1].
The proof of (2.28) is analogous. ||

We conclude this section by examining the connection between w(x) and
the coefficients «,, ,, with k/n around x. For, we write

-y bn,k<z> (1 —x)""f<];>, (2.29)
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where

—1
by w =, . <Z> . k=0,..n. (2.30)

By representation (1.14) it follows

nk = Z (j‘ bfnnl—i_pmb:n,n,k)’ (231)

where b’

mnk

(1.6) and (1.7), we obtain

=l .1~ and b,

mnk

=7 ni(#)"". By using formulas

k1= (k+j—1)n

" B 1_]/’1 m<n,
i 4 2.32
bmnk 1’ m=n,k=0, ( 3)
0, m>n or (m=n and k> 0),
(1 > m k= J+1 m<n
br = | 233
mom k= 1 m=n, k=n, (2.33)
0, m>nor (m=n and k <n).

It is also useful to consider the continuous piecewise affine function b,
satisfying the conditions

k
b, <> =b, . k=0,.,n (2.34)
n

So we can write 4,(1)= B,(b,) for every ne N. Moreover, comparing
(2.30) with (1.2) and (1.3), we obtain

b,(0)="2,,  b,(1)=p,,

k k k k k—1
b (1)~ (=) 2 () i 2 (55 et 239

THEOREM 2.4. The sequence (b,,), . converges uniformly to w.

Proof. As a first step, we show that lim, ., . ... b, r=w(x)
uniformly in xe€ [0, 1], that is, for every ¢ >0 there exist 6 >0 and ve N
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such that |b, , —w(x)| <& whenever n>v, |k/n—x| <J, Indeed, formulas
(2.32) and (2.33) imply
111’1’1 bin nk

/(/nﬁx

=x(1—x)" uniformly in x€[0, 1] (1)

and

lim b;, ,,=x"(1-x) uniformly in xe€[0, 1]. (2)
k/n— x

We write

A =

n

(()"m } )Lm n+(p poc)Rm,n)dl—lsoBiz_l—pocB:;' (3)

1

g

If we denote b/, , and b, , the coefficients of B/, and B,

", respectively, a
direct computatlon shows that

b! lg and b;,kzlg, k=0, .., n (4)

nk =

Moreover, if we put 4,,=p,,=1 in (2.31), we obtain

n

Y Byt br =1 (5)

m=1

By (3) and (4) we can restrict ourselves to the case 4, =p., =0. For
every v <n, we have

|bn,k_ b

)

— i (A x(1—=x)" 4+ p,, x"(1 —Xx))

m=1

+ Z (j' bmnk+pmbm}1A)
m=v+1

S (imx(l—x)'"—i-p,,,x’"(l—x))’.
m=v+1

The second and the third term in the last inequality can be estimated
with sup,,~, {14,], [p,|} (use (5) for the second term), and they converge
to 0 if v— co. The first term converges to 0, v being fixed, uniformly in
xe[0,1] if n—> oo and k/n— x by (1) and (2).
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At this point, we can show the uniform convergence of the sequence
(b,),cn- If €>0, by the first part, there exist 6 >0 and ve N such that
|6, —w(x)| <& whenever n>v, |k/n—x|<dJ. We can assume 1/6 <v and
|w(x) —w(y)| <& whenever x, ye[0,1], [x—y|<d. Letn>v; if xe[0,1],
there exists k =0, .., n — 1 such that k/n <x < (k + 1)/n; moreover, we have

b,(x)=1tb, <k> +(1—1)b, <k+1>
n n

for some 0 <7< 1. Hence

b, <k> —w(x)
n

and this completes the proof. ||

b, (x) —w(x)| <1t +(1—1) <e

b, <k+l> —w(x)
n

The preceding result allows us to derive some qualitative properties of
the function w by studying the sequence (b,,)

neN *

PRrOPOSITION 2.5. The following properties hold.:

(1) If (A),en and (p,),cn are both increasing, then (b,)
increasing sequence of convex functions and w is convex.

neN S an

(2) If (A,),cn and (p,),cn are both decreasing, then (b,), . is a
decreasing sequence of concave functions and w is concave.

(3) If (4,),cn is increasing and (p,), . is decreasing and if ., = p,,
then w and every b, are decreasing.

(4) If (4,),cn is decreasing and (p,,), .n IS increasing and if ., < py,
then w and every b, are decreasing.

(5) If A,=p, for every n=1, then, for every n=1 and xe[0, 1],
b,(1 —x)=0b,(x) and consequently w(1 —x)=w(x).

Proof. Let n=1 and, for every i=1, ..., n, denote by r, ; the segment of
b, joining the points ((i—1)/n, b, , ;) and (i/n, b, ;), and by m, ;=
n(b, ;—b, ;) its angular coefficient.

We observe that b, is convex (respectively, concave) if and only if
m, < --- <m, , (respectively, m, > --- >m, ,) and moreover b, is
increasing (respectively, decreasing) if and only if all m,, ;, i=1, .., n, are
positive (respectively, negative).

We also point out that, for every n>1 and i=2,..,n, the value of
m, ;. ; is always between the values m, ; , and m, ; since, by (2.35), the
endpoints of r,, , , are interior points of r, ,_; and r, .

At this point, the proof proceeds by induction on n> 1.
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Under the assumption (1), if b, is convex, by the inequalities 4, <4, ,

and p,<p,., and by the above argument, we obtain

M, 1 1S, | SMy g 2SM, 3 oo Sy 4, SMy, S g1y
therefore the function b, | is also convex. Moreover, b, <b, ., since each
affine restriction of b, is a secant of the convex function b,,.

The proof of property (2) is analogous.

The sequence (4,), . is decreasing if and only if (m,, ), . 1S increasing
and similarly (p,,), . 1s increasing if and only if (m,, ,,), . 1s increasing for
every n= 1.

Since m,, ,, ; 1s a value between m, , , and m, ; for every i=2, .., n,
property (3) will follow by induction on n>1 provided that m, ; >0, ie.,
A1 = p;. The proof of property (4) is similar.

Finally, if 4, =p, for every n>1, then «,, , _, =«, ; for every k=0, .., n
and consequently, by (2.30), b, , _,=b, .. Hence, property (5) follows by
the definition of b,. ||

Remark. Observe that in general there is no continuous function g
satisfying g(k/n) =0, , for all ne N and k=0, ..., n. In fact, in this case we
should have b, = g for every n>1 and therefore 4, = g(0) and p, = g(1) for
every n>1. It follows that the only possibility is that the function
w(x)=g(0)(1 —x)+ g(1)x is affine on [0,1].

3. REGULARITY RESULTS

Our purpose is to improve estimates (2.10) and (2.11) when f satisfies
suitable regularity properties. We shall prove also a Voronovskaja-type for-
mula for the operators 4,,.

We keep the same notation of the preceding section. We assume that the
sequences (4,),. and (p,,),.n converge and define

IAll:==sup |4,1,  lpl:=suplp,l  and  M:=max{[i], |p]}.

neN neN

The following two lemmas play a central role throughout this section.

LemMmA 3.1.  The following properties hold:

() lid-A,(0)—4,Gd)| <2
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(i) lim n(An(id)(X)—xAn(l)(x)):{3(1_X) W Zojj(fol;le

uniformly on [0, 1].

Proof. Using the representation (1.14) and formulas (1.11), (1.12) and
(1.13), we directly obtain

A4,(1)(x) — A4, (id)(x)
=nzl< l_x <
m+1 1
# (1= (M =1+ n))

+ 2, x(1=x)"+ p, x"(1 —x). (1)

First we prove that, for 0 <x <1,

x(I=x)w'(x)= =) (A, x(1—x)"((m+1)x—1)
m=1
+ P X" (1 =x)((m+1)(x—1)+1)) (2)
and that the second member can be continuously extended at the end-
points.
For, we put a(x):=37_, A, x*(m+1)(1 —x)" and observe that

lim,_, a(x)=4.. In fact

la(x) — A, (1 —x?) i (m+1) x3(1—x)™

i | (m+1)x*(1—x)"

m=1

+ Y A=Al (m+ 1) x*(1—x)"

m=v+1

for all ve N, where the second term is less than sup,,~, |4,, —4..| and the
first term, with a fixed v, converges to 0 as x — 0.

Moreover

d
a(x)= Z Sy X2 < dx)(l—x)’”*1

m=1
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i d
= /1'"<<_dx> (xz(l—x)’"“)+2x(l—x)”’“>

m=1

:< d>(x(1x) (X)) +2(1 —x) {(x)=4(x) —x(1 —x) /'(x)
dx

so that lim,_, o x(1 —x)/'(x)=0.

In the same way, defining b(x):=>7_, p,.(1—
obtain b(x) =+#(x)+ x(1 —x) )2'(x), lim, _; x(1 —x) 2'(x
proved and lim, _, ; x(1 —x) w'(x)=0.

Now, we note that

x> (m+1)x™ we
) =0, whence (2) is

Z I X2(m+1)(1 =x)"| < sup |4,,] x> Z (m+1)(1—x)"
m=n mz=n m=1
=sup |4,,| x* d i (1 —x)"+!
m=n " dxmzl
= sup |;"m| (I_XZ)SM(I_xz) (3)
and similarly
Y Pu(1=X)2 (m+1)x"| < sup |p,|x> < Mx>. (4)
Since
n—1
Y Al x(1=x)"+ p,,| x"(1 —x)) < M,
m=1
1
sup  [x(1—x)"+x"(1 —x)[ <= (5)
o<x<l n
and, by (1),

lx - A,(1)(x) — 4, (id)(x)]|

<y <|ﬂ~,,,| x(1—xyn ™

m=1

1 1
X lp 1 =) T (1))
n—1

+s Y (Al X(1=2)"+ |p,,| x™(1 —x))

m=1

+ 1Al X(1=x)"+[p,| x"(1 = x),

(1) easily follows from (3), (4) and (5).
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To prove (ii) we first assume that A, =p_ =0. Then, for 0 <x <1, by
(1) and (2)

n(A,(id)(x) = x4,(1)(x)) = x(1 —x) w'(x)
= f (A X(1=x)" ((m+1)x = 1)+ p,, x"(1 =x)((m+1)(x = 1) + 1))

—nd, x(1 —x)"—np, x"(1 —x).

Using (3), (4) and (5) and the continuity of the function x(1—x) w'(x)
in [0,1] one easily obtains

sup  |n(A,,(id)(x) —xA,(1)(x)) —x(1 —x) w(x)| <3 sup {|4,1], [p,l}

0<x<l1 m=n

which yields the uniform convergence.
The general case reduces to the previous one by writing

An= Z (im_loo)l‘m,n—i_ Z (pm_pcﬁ)Rm,n—i_lpri—'_me; (6)
m=1 m=1
and noticing that (ii) immediately follows by direct computation for the

operators B’ and B’ . |

Lemma 3.2.  The equality

lim nA,((id—x-1)?)(x) = x(1 — x) w(x)

n— oo

holds uniformly in xe [0, 1].

Proof. We write A4,=C,+D,, where C,:=>" _, 4,L, ,and D, :=
> 1 PmR,, . Using again formulas (1.11), (1.12) and (1.13), we obtain

n—1

C,((id—x- Z . " ((m?+3m—n+2)x?
+(n=3m—=3)x+1)+4i,x*(1 —x)".

For each keN the power series > *_, m*x*(1 —x)" are bounded in
[0,1]; hence, if A, =0, an argument similar to that of the proof of
Lemma 3.1 yields

lim nC,((id—x-1)*)(x)=x(1 —x) /(x)

n— oo
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uniformly in xe€[0,1]. Since the statement is obviously true for the
operator B’ the general case 1., € R can be obtained by using (6) as in the
proof of Lemma 3.1.

In the same way, lim, ,  nD,((id—x-1)?)(x)=x(1 —x) #(x) uniformly
in xe[0, 1], and this completes the proof. ||

ProprosITION 3.3. If fe%'([0,1]), then

M= a0 flem (UL To(r o)) o

Proof. Using Lagrange’s theorem

1(5)=10=(=x) £+ (5=x) (@ —ron.

n
we get, for all 0 >0,
|4, (f)(x) = f(x) - 4,(1)(x)]
¥ a1t —0r 4 (o) 7o)
k=0 n

<

k
——X
n

+ Mao(f', ) Z <Z> (1= x)"*
k=0

n ) ’

choosing § =1 /ﬁ, the second term in the preceding sum can be estimated
with 3M/(4 ﬁ) w(f’, 1/\/;1) in a straightforward way (see, e.g., [12,
p-217]). As regard the first term we have |4, (id)(x)—x-A4,(1)(x)| |f"(x)|
<(3M/n) || f'| by Lemma 3.1(i). ||

Remark. 1If fe%'([0,1]), we have, for every xe[0, 1],
|4, (f)(x) = w(x)- f(x)]
<[4, ()(x) = f(x) - A, (D) + [ f(x)] [4,(1)(x) =w(x)] (3.2)

and therefore, by (3.1) and (1) in the proof of Theorem 2.1,

¥ 1 1
i =—weiem (Bhe o (1) e 63)

In this case, the term r(n) || f| cannot be omitted. For example, if f=1
and 4, — 0, then [[4,(f) —w- flI Z[4,(/)0) = [4,|=r(n) [ f].
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However, estimate (3.3) can be improved in every compact [a, b] < ]0, 1]
by replacing r(n) || f]| with r(n) [|f]] sup, <. <,(x"+ (1 —x)").
Now, we prove the announced Voronovskaja-type formula.

THEOREM 3.4. Let fe%([0,1]) be two times differentiable at x [0, 1].
Then

lim (4, (f)(x)—4,(1)(x) f(x))

_ {éx(l —x)w(x) f"(x)+x(1 —x)w'(x) f'(x), if 0<x<]l,
0, if x=0, 1.
Moreover, if fe€*([0,1]), then (3.4) holds uniformly on [0, 1].
Proof. By Taylor’s formula

(3.4)

k k k 271 k
1(5)=10=(5=x )0+ (5=x) (3 +n(5-x)).
where 7 is bounded and lim, _, , #(¢) =0. Then,

A, (/) (x) = f(x)- A, (1)(x) = f'(x)(4,(id)(x) —x - 4,(1)(x))

1
+o /00 A, ((id = x-1))(x)

u k 2 /k
+ > oc,,),(xk(lx)"_"<x> 77<x>.
k=0 n n

Arguing as in [12, p. 22] and using the inequality |a, .| <M(}), it
follows

n

k 2 Ik
lim n| ) oc,,,kxk(l—x)”k< —x> 17<—x>
n— oo n n

k=0

=0

(uniformly in xe [0, 1] if fe@*([0,1])).
Therefore, by Lemma 3.1(ii) and Lemma 3.2, we obtain

lim n(A,(f)(x)—f(x)-A4,(1)(x))

=2x(1—x) f"(x) w(x) + x(1 —x) f'(x) w'(x).

The last part follows at the same manner by using the uniform con-
vergence properties in Lemma 3.1(ii) and Lemma 3.2. ||
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Remark. 1. 1If fe®([0,1]) is two times differentiable at x € ]0, 1[, we
can write the Voronovskaja-type formula in the following form

lim n(A4,(f)(x)—w(x)-f(x))

=2x(1—x) w(x) f"(x) +x(1 —x) w'(x) f(x). (3.5)

Indeed, this follows by inequality (3.2) and by
lim sup 7 | f(x)] |4, (1)(x) — w(x)]

< 1) Tim sup nr(n)(x"+ (1 —x)") =0

for every xe ]0, 1].
Moreover, we have lim,_  n(A4,(f)(x)—w(x)-f(x))=0 at the
endpoints if »(rn) =o(1/n).

2. In the case of Bernstein operators, we have w=1 and therefore
(3.4) and (3.5) reduce to the classical Voronovskaja’s formula (see, e.g.,
[12, p.22]).

An expressive formulation of (3.4) can be obtained for positive sequences
(A)en and (p,),cn - In this case the function w is strictly positive in
10, 1[ and therefore if fe ([0, 1]),

lim n(A4,(f)(x)—A4,(1)- f(x))

n— oo

1 x(1—x)

={2 w(x)

d%'c (w?(x) f'(x)), if 0<x<l, (36)

0, if x=0,1.

Moreover, if w>0 on [0, 1] (ie., 4, >0, p,, >0), then the convergence
holds uniformly on [0, 1].

4. CONVERGENCE OF DERIVATIVES

In this brief section, we give some general results concerning the con-
vergence of derivatives of 4, (f) for a differentiable function f.
We observe that if e %' ([0, 1]) and m <n, then (see (1.8))

Lm,n(f)(x) :x(l _'x)m En—m—l(f)(x)a
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where
§n7m7l(f)(x) ::n_i_l <nm1> xk(l_x)nmlkf<k+1>'
k=0 k n
Consequently
~ d
(L w()) =B, 1 (f)(x) I (x(1 —x)™)
F—mDx(—x 3 <” " 2>
k=0
i ()
~ d —1
=B, ()00 - (1 =x)") 4 o (1 —x)”

with (k+1)/n <&, <(k+2)/n. Using Lagrange’s theorem and the uniform
continuity of f” it is easy to see that

nlinzc (L2 () (x) =dii (x(1—=x)" f(x)) uniformly on [0, 1].

The same argument can be iterated and applied also to the operators

R, ., B! and B’ (see (2.14) and (2.15)), so that we can state the following
result.

PROPOSITION 4.1.  For every fe % ([0, 1]), we have

(i) lim (L, (/)" (X)=Zk (x(1 —=x)" f(x))  uniformly on [0, 1];
dk

(i) lim (R, (/)" (x) =7 (x"(1—x) f(x)) uniformly on [0, 1];

(i) lim (Bf,(f))"”(X)=kak((I—X)f(X)) uniformly on [0, 1];

(iv) lim (B7(f))® (x) 257]; (xf(x)) uniformly on [0, 1].

n— oo
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THEOREM 4.2. If fe¥€([0,1]) admits a derivative of order k at a point
x € ]0,1[, then the sequence ((4,(f))™ (x)),, . converges to (d*/dx*)(w - f)(x).

Moreover, if e €*([0,1]), then the convergence is uniform on every com-
pact subinterval [a, b] < 10, 1].

Proof. For brevity, we consider only the case k=1 and assume first
fe®'([0,1]). We can write

A,= Z Uy Lo + Z G Rpnt+ 7 BL+p., B,

= m=1

with 4, :=4,— A, and g, :=p,—p..-
Now, we have

n

St (Lo () Z fn L n O S st S (1)

m=1 m=v+1

If xe]0,1[, by (41) we obtain |L,, ,(f) (x)|<m(l—x)"""|fll+
x(1—=x)" || f'|l and hence, if [a, b] = ]0, 1],

sp | Y an(Ln(F)) ()

a<x<b lm=v+1

<sup Ju,| <|f’| L |f|>

mz=v

and therefore the second term in the right-hand side of (1) tends uniformly
toOon [a, b] as v— 0.

If v is fixed, the first term converges uniformly to X! _, u,.(d/dx)
(x(1=x)" f(x)). If we put 7(x) =2 i,x(1—x)" then

sup di(/ Z u,,,— x(1—=x)" f(x))| =0 as v— o

a<x<b m=1

and hence

d -
lim Z (L, () =72 (4 f)

n— oo
m=

uniformly in [a, b]. By repeating the same argument we have

: d
lim Y 0,(R, ,(f)=—(0f)

n— oo
m=1

uniformly in [a, b], where #(x)=>7"_, 7,,x"(1 —x).
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Hence the second part of the result immediately follows, using Proposi-
tion 4.1, (iii) and (iv). The first part can be derived in a straightforward
manner (see, e.g., [ 12, pp. 26-27]).

Remark. In general, Theorem 4.2 is false at x =0 or x = 1. For example,
if p,,=0and 4,,=1/m, then 4,(1)" (x)=3""_", (1/m)(1 —x)" —1 does not
converge at x =0.

5. CONVERGENCE OF ITERATES

For arbitrary sequences (4,),.n and (p,), .y of real numbers, in general
we cannot ensure the convergence of the iterates of the operators 4,, n > 1.
Here we study a case of particular interest which can be easily described.

We fix n>1 and study the behavior of the sequence (A42), ., Where as
usual 4! =4, and A2"'= A, A” for every p > 1. Since 4,(f)(0)= 4, f(0)
and A4,(f)(1)=p, f(1) (see (2.1)) we have, for every p>1,

A ()0) =247 7(0),  A7(/)(1)=py f(1) (5.1)
and hence, the convergence of the sequence (A472),_ implies that
—1<7,<1, —l<p,<1. (5.2)

We assume —1<4,<1 and —1<p, <1 for every m=1, ..,n By
(2.29) and (2.35) we have —1 <b, <1 and consequently

0<l4,/ (1) <B,(|b,])<B,(1)=1.

Hence 0<|4%2| < B, for every p>1 (we use the notation |4,|(f)=
|4,/ (f)]). Moreover we observe that if 4,=1 or p,=1 then |42| =1 for
every p=1.

We have the following result.

ProprosITION 5.1.  Assume that —1<A,,<1 and —1<p,, <1 for every
m=1, .., n. Then the sequence (A%),_y, is strongly convergent.
Moreover

(1) lim A2(f)=0 for every fe%([0,1]) such that f(0)=f(1)=0.

p— ©

(2) If 2,<1land p,<1, then (A%),_y converges strongly to 0.



BERNSTEIN-TYPE OPERATORS, I 267

Proof. We observe that (1) holds for Bernstein operators (see, e.g., [5,
(2.5.5), p. 118]), so, if fe®([0,1]) satisfies f(0)=f(1)=0, then by the
inequality

0< 47N < BRI/

we deduce (1) in the general case.
Now, assume 4,<1 and p,<1. Take 0 <d<min{l1—|1,], 1—|p,|};
then, for every fe%([0,1]), | f] <1, we easily obtain

0< 1[4, (/X)) <B,(1)(x) =d(x"+ (1 —x)") =1—=0d(x"+ (1 —x)")

and hence |4, ]| <1, from which (2) follows.

We have only to show the convergence of (A47),_, in the remaining case
max{4,, p,} =1. Since |A2| =1 for every p>1, the spectral radius of 4,
is equal to 1. We prove that o(4,) nD < {1}, where, as usual, a(4,)
denotes the spectrum of A4, and D is the closed unit disk in the plane.

For, let fe%([0, 1]) be such that 4,(f)=e"f, e’ #1. Then

4,()0)=4,f(0)=e“£(0) and  A,(f)(1)=p, f(1)=e"1(1),
from which f(0)= f(1)=0. Hence by property (1)

0= lim A2(f)= lim e?’f

p—> 0 p—> ©

and this yields f=0.

Hence, o(4,)nD={1} and 1 is a simple pole of the resolvent of A4,
because |4, | = 1. Applying [ 13, Proposition 3.5, p. 12], we complete the
proof. |

Under the assumptions of Proposition 5.1, the limit operator P, :=
lim, , , A% is a projection on the eigenspace Ker(4, —/) and commutes
with 4,,. Furthermore Ker(A, —I) is contained in the space %, of all poly-
nomials with degree less or equal to n.

In particular, we have P,(f)=0 if f(0)=f(1)=

In the following result, we show that the dimension of Ker(A4, — I) is just
equal to the number of coefficients 4, and p,, which are equal to 1.

ProrosiTioN 5.2. (i) dim(Ker(A4,—1)) =2 if both A, and p, are equal
to 1;

(i) dim(Ker(A4,—1I))=1 if only one of 2, and p, is equal to 1.
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Proof. (i) Since B,(f)=0 if f vanishes at the points 0 and 1, then
Ker(A, —I) is generated by P,(1—id) and P,(id). But

E(1—id)(0)=1, F,(1—-id)(1)=0  and  F(id)(0)=0, F,(id)(1)=1

and hence the functions P,(1 —id) and P,(id) are linearly independent.

(i1) Suppose, for instance, 4,=1 and —1<p,<1. We show that
B(f)=0if f(0)=0. In fact by (5.1), B,(f)(1)=0 and hence B,(f) vanishes
at both the points 0 and 1; by property (1) of Proposition 5.1, P,(f)=
P(P,(f))=0. In particular P,(id)=0 and therefore Ker(4,—1) is
generated only by P,(1 —id) (which is non zero by (5.1) again). |

If we denote by P; :=1im, _, ., B the limit projection of the iterates of the
nth Bernstein operator, we have (see, e.g., [5, (2.5.5), p. 118])

Fp(f)(x) = (1 —x) f(0) + x/(1)

for every fe%([0,1]) and xe [0, 1] and further |P,| < Py.
In general the projection P, has the following expression

E,(f)=/10) B(1—id)+ f(1) E,(id) (5.3)
for every fe ([0, 1]).

If both 4, and p, are equal to 1, we observe that 0<|P,| (1 —id) <
P;(1—id)=1—id and 0 < |P,| (id) < Py(id) = id.

If ,=1and p,=0 we have 0<|P,| (1—id)<1 and P,(id) =0.

Moreover, observe that if A,=p, for every m=1,..,n then
A, (1 —id)(1 —x)=A4,(id)(x) and hence, in this case

B,(1—id)(1 —x) = F,(id)(x)

Related problems concerning the convergence of the iterates are
considered in [9, Section 4]; however, even there the discussion is not
complete and some open problems are indicated.
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